We investigate the dynamics of the spin-less relativistic particle subject to an external eld of a harmonic oscillator potential. The KleinGordon equation with one-and three-dimensional vector and scalar parabolic potentials is solved using the expansion of the wavefunction in properly selected basis-sets. The resonance states are determined using the complex coordinate rotation method. The analytic expressions for the rst-and secondorder relativistic energy corrections are derived perturbatively. The relativistic model of the harmonic oscillator in the momentum representation, originally proposed by Znojil, is also discussed.
Introduction
Relativistic generalizations of the harmonic oscillator (HO) are neither unique nor trivial. In the classical mechanics the relativistic description of the HO leads to the frequencyamplitude dependence. A discussion of this subject and references to the relevant works may be found in a recent work by Belendéz et al. [1] where the analytical approximations to the oscillation period and the periodic solutions have been constructed. Studies on the quantum models of the HO, performed in the 1930s, demonstrated that quantum systems with electrostatic quadratic potential have no bound solutions [2, 3] . Numerous studies on this subject may be represented by a set of references [416] , far from being complete. The most commonly known model of the relativistic HO for a spin-1/2 particle is the Dirac oscillator, usually associated with the contribution by Moshinsky and Szczepaniak [7] but, in fact, formulated nearly 20 years earlier by Cook [4] . It has been discussed in many works, including [1723] . Another approach, also related to the one by Cook [4] , in which HO has been dened as a system described by an equation invariant with respect to the transformation p ↔ ar, where p and r stand, respectively, for the momentum and the coordinate operators and a is a constant, has been applied to studies on both KleinGordon (KG) and Dirac oscillators in Refs. [11, 24, 25] . Some authors have studied the Dirac and KG equations with equal scalar and vector potentials using, in particular, the oscillator potentials [26] . A class of exact solutions of the mass-dependent KG equation has been obtained using an analytical iteration method [27] .
The purpose of this paper is solving the KG equations with parabolic potentials in one-and three spatial dimensions using vector and scalar couplings [28] . The results are compared with a model of the KG HO derived by Znojil from the spinless Salpeter equation [8] . As it is well known, the KG equation with quadratic electrostatic potential, referred to as the vector potential has no square-integrable solutions [2, 3] . This consequence of the existence of the negative-energy continuum appears in some one-particle systems e.g. in the KG HO with the electrostatic potential, but not in the KG HO with the scalar potential, and is inevitable in the case of relativistic many-particle systems where it appears as a consequence of the so-called BrownRavenhall disease [29] . From several methods applicable to the evaluation of the energies and the widths of the autoionizing states (the resonances) [30] the complex coordinate rotation (CCR) has been selected. This method has been successfully used to solving autoionizing one-electron Dirac [31, 32] and two-electron Dirac-Coulomb [33] problems. To the author's knowledge, as yet, it was not applied in the case of the KG equation.
Basic equations
The stationary KG equation for a free particle reads [28] :
where all symbols have their usual meaning. The introduction of an external electrostatic potential V(r) and a scalar potential S(r) results in the substitution
Consequently, the KG equation for a particle in the external eld may be written as
By setting the origin of the energy scale at the rest mass of the particle, i.e. by the substitution
the last equation may be rewritten in a Schrödinger-like form p
where the eective potential U (energy-dependent in the vector case) is given by
and (1226)
In the one-dimensional case
If the external potentials are spherically symmetric then by the substitution
Eq. (5) may be reduced to the one-dimensional radial equation with
Vector KG harmonic oscillator
Taking S = 0 and
we get, respectively, one-dimensional vector KG HO or three-dimensional isotropic vector KG HO (VKG). Setting = 1 and
Eq. (5), in the one-dimensional case, becomes
where
As one can see, for suciently large z the negative quartic term always dominate. The eective potential W ζ V is parabolic and positive for small z but diverges to minus innity for large z (see Fig. 1 and discussion in Ref. [11] ). The motion of the particle is unlimited since it tunnels through the potential barrier. We can easily nd that the wave function takes the asymptotic form
Therefore all solutions of Eq. (11) are shape resonances.
The KG equation for the spherical HO reads
This equation does not have bound solutions either since the centrifugal term does not inuence the behavior of the eective potential in innity.
Scalar KG harmonic oscillator
In this case V = 0. By taking
we get scalar KG harmonic oscillators (SKG). The general form of the KG equations is the same as in Eqs. (11) and (14) except that W ζ V and W ρ V have to be replaced, respectively, by
and by
In this case the eective potential behaves as an innite quartic potential well it approaches +∞ for ρ → ∞ and all states are bound.
Equally mixed potentials
In this case we dene
After using variables (10) and rescaling once again coordinates according to
corresponding KG equations may be transformed to the forms
The exact energy eigenvalues satisfy the algebraic equation
where ε = 2n + 1 or ε = 4n + 2l + 3 for one-and threedimensional oscillators, respectively. Since energies corresponding to bound states should have real values, we can nd that they are given by
and
The wave functions of the KG harmonic oscillators with equally-mixed parabolic potentials, in variables x or y, are the same as the nonrelativistic ones. The only difference is that they correspond to relativistic energies, given by (24).
Znojil harmonic oscillator
The HO Hamiltonian
derived from the so-called spinless Salpeter equation, has been used by Znojil [8] in his denition of relativistic HO. This form of the HO is referred hereafter as Znojil harmonic oscillator (ZHO). The corresponding eigenvalue equation, in the momentum space has a Schrödinger-like
Both one-dimensional and radial forms of the last equation may be easily written and solved numerically using an arbitrary integration technique designed for solving the Schrödinger equation.
Algebraic solutions
In this section the solutions of the HO equations by algebraic methods are presented. The general form of the equation is
(29) In the algebraic approach the wave functions are expanded in a properly selected basis φ n :
and Eq. (29) is transformed to the algebraic eigenvalue problem. In order to apply numerical procedures, we dene a reduced problem by terminating the series at some cuto n = N . As a consequence, the pertinent algebraic KG equation is transformed to a system of N + 1 linear equations, which can be written in the matrix form as
where I is the unit matrix,
, M is the algebraic representation of the operator W for which the eigenvalue problem has been dened. Depending on the case, the form of φ n and the structure of W varies. Scalar and vector oscillators in one-dimensional and spherical cases are discussed in detail in the next subsections.
The method of solution for the bound states is standard and straightforward. For the resonance states the CCR method is used. The CCR method has been developed to study the autoionizing states also referred to as resonances [30] . Its basic theorem states that the bound state energies of a Hamiltonian do not change under the complex rotation of coordinates, r → r e i θ , (32) whereas the continua move to the complex plane. The discrete eigenvalues appear as the isolated point in the real axis while the points corresponding to the resonances are located in the imaginary plane, either above or below the real axis. After the CCR transformation the Hamiltonian matrix is non-Hermitian and depends on θ. Its eigenvalues are complex and θ-dependent. The θ-dependence of the roots is represented by curves in the complex plane, known as θ-trajectories. For the optimum values of θ the trajectories are nearly θ-independent. The real part of the corresponding eigenvalue of the CCR Hamiltonian matrix gives the best approximation to the energy of the discrete state and the imaginary part its width [30] . For the SKG the standard method of diagonalization of the reduced algebraic eigenvalue problem (31) may be used. In the case of the vector KG HO the Schur decomposition method has been employed in this work. Since the matrix M is eigenvaluedependent, the diagonalization is performed by applying at the same time an iterative, self-consistent procedure.
One-dimensional oscillators
Complex coordinate rotated operator (12) reads
The Hermite polynomials are a convenient choice for the basis set used in the algebraization procedure. Thus,
where H n are Hermite polynomials and N n is the normalization constant [34] . The set {φ n (ζ)} is orthonormal and satises the second-order eigenvalue equation
After some algebra, taking into account the well-known identities for ζ 2 H n (ζ) and ζ 4 H n (ζ) [34] we obtain matrix representation of the operator (33):
To obtain the matrix M in a case of the scalar coupling it is enough to change the sign of λ and to set w 1 ≡ 1, θ ≡ 0 in the matrix elements (37) . In the non-relativistic limit (λ = 0) the matrix M becomes the diagonal one for θ = 0, whose eigenvalues w = 2n + 1 correspond to the 2× energies of the one-dimensional HO.
Isotropic oscillators
Let us consider the VKG described by Eq. (14) . By looking for solutions of this equation in the form of power series, one can observe that the power expansion of the radial function F contains only the even powers of ρ [14] . Therefore, we dene the variable ξ = ρ 2 (38) and transform operator (15) 
Introducing the complex rotation
Let us dene the basis set of Sturmian functions
where l is xed and L (l+1/2) n are the generalized Laguerre polynomials of a degree n = 0, 1, 2, ... and
Using the well-known properties of the generalized Laguerre polynomials [34] , one can nd that the Sturmian functions (42) satisfy the second-order dierential equation
the orthogonality condition
and the relation
which shall be employed in further calculations. Let us note that the Sturmian functions (42) correspond to the exact solutions of the Schrödinger radial equation for the nonrelativistic spherical HO, energies of which are given by
Finally, matrix elements of the operator (41) dened as
are given by
Likewise one-dimensional potentials, one obtains the SKG by changing the sign of λ and setting w 1 ≡ 1, θ ≡ 0 in Eq. (50). In the nonrelativistic limit we can simply obtain the energy eigenvalues (48), by taking λ = 0 and θ = 0.
Perturbative approach
In the limit λ 1, relativistic energies E can be determined perturbatively with respect to the λ as the perturbation parameter. Substituting the perturbation expansions
into KG Eqs. (29) and equating appropriate coecients we obtain a set of the perturbation equations, ordered according to the powers of λ. For every kind of the potential the zero-order equation corresponds to the Schrödinger equation for the HO. After using the virial theorem, the rst-and the second-order energy corrections for the state Ψ (0) ≡ |n , corresponding to the isotropic VKG may be written as
At this point we note that the perturbation method can determine only approximate corrections to the real parts of the resonance energies. For the isotropic SKG the rstand second-order energy corrections read
In a similar way we may determine relativistic perturbation energies for the ZHO described by Eq. (28). In the case of 3D oscillator the rst-order energy correction has been derived in [8] . By replacing variable p → r we may write the rst-and the second-order relativistic corrections in the following forms:
Let us note that in the case of one-dimensional potentials, the radial variable r should be replaced by the variable x ∈ (−∞, ∞). Results of algebraic calculations are summarized in Table I .
Results and discussion
In this work, we have carried out the detailed analysis of the dynamics of the relativistic spin-0 particles moving in an external eld of the HO-type potentials, using oneand three dimensional electrostatic and scalar parabolic potentials. In these cases, the eigenvalue problems have been reduced to pure algebraic tasks, after transforming the KG equations to the matrix forms, using the expansions of wave functions into relevant basis set functions. In the case of VKG, the parameters (energies and widths) of the resonances created by the eective potentials are obtained using the CCR technique. In the framework of the CCR method, the complex energy eigenvalues
correspond to the stationary points of the θ-trajectories in the complex energy plane [30] . The example trajectories are shown in Fig. 2 . Introducing the trajectory length, dened as
we can nd that the stability of the resonance locations is achieved in the vicinity of stationary points θ op , being the solutions of the equation
The example plot of the function dγ(θ)/ dθ is displayed in Fig. 3 . The accurate value of θ op can be determined by solving the nonlinear equation (62) as well as by plotting the logarithmic derivative of the function γ(θ), which discloses the sharp cusp near the θ op . As a test, we have employed our numerical procedures to the one-dimensional anharmonic oscillator (AO) given by the Hamiltonian
In Table II the complex resonance energies of the onedimensional AO are displayed and compared with the results obtained on the basis of the operator method [35] . The maximal absolute error of each value does not exceed ±1 on the last digits, in all of the tables.
In Table III the lowest four levels of the onedimensional ZHO are listed as functions of the coupling constant λ.
In Table III the rst six levels of the onedimensional SKG and VKG are listed, for several values of the coupling constant λ. We can see that energies of the ZHO are close to the real parts of the VKG energies. For λ = 0.1 the results are consistent on a level of 2 or 3 decimal gures. For lower λ, higher accordance is expected. This follows from Table I where perturbation results are presented. The perturbation theory gives equal rst-order corrections for ZHO and VKG while the second-order corrections are only slightly dierent. The same is also observed for isotropic oscillators.
In Table V the resonance energies and the widths of the 3D isotropic VKG are displayed as functions of the oscillator frequency. One can see that for ω < 1000 the imaginary parts of the eigenvalues are negligible in comparison with the real parts. In this region, the resonance energies may be approximated by real bound states energies. Using this approximation we neglect the tunneling by termination of the radial integrals at the radius r = R b , which corresponds to the maximum of the effective potential barrier. In the last column, energies E b obtained in the framework of the power series expansion method [14] are displayed. In the latter approach an additional spherical connement of the radius R b has been introduced to perform the stabilization of the autoionizing resonances. As a consequence, the imaginary parts of the complex resonance energies disappear. In this ω-region both methods are in perfect agreement. Table VI shows the energies of the 3D isotropic SKG and VKG for the states n ≤ 2 and l ≤ 4, as functions of λ.
The application area for the models presented in this paper may be nuclear physics and the QCD [36] .
The power-law potentials of the form V (r) = A + br ν are broadly accepted in the mass spectra investigations of various quarkonia systems [37] . Some other potentials with vector and scalar couplings have been studied in the context of the diatomic potentials [38] . 
